This work deals with the problem of strongly correlated electrons in two-dimensions (2D). We give a reduced density matrix (RDM) based tool through which the ground-state energy is given as a functional of the natural orbitals and their occupation numbers. Specifically, the Piris Natural Orbital Functional 7 (PNOF7) is used for studying the 2D Hubbard model and hydrogen square lattices. The singlet ground-state is studied, as well as the doublet mixed quantum state obtained by extracting an electron from the system. Our method satisfies two-index necessary N-representability conditions of the two-particle RDM (2RDM) and guarantees the conservation of the total spin. We show the ability of PNOF7 to describe strong correlation effects in these 2D systems by comparing our results with exact diagonalization, density matrix renormalization group (DMRG), and auxiliary-field quantum Monte Carlo calculations. PNOF7 overcomes variational 2RDM methods with two-and three-index positivity N-representability conditions, reducing computational cost to mean-field scaling. Consistent results are obtained for small and large systems up to 144 electrons, weak and strong correlation regimes, and many filling situations. Unlike other methods, there is no dependence on dimensionality in the results obtained with PNOF7, and no particular difficulties have been observed to converge PNOF7 away from half-filling. Smooth double occupancy of sites is obtained regardless of the filling. Symmetric dissociation of 2D hydrogen lattices shows that long-range nondynamic correlation drammatically affects electron detachment energies. PNOF7 compares well with DMRG along the dissociation curve.
I. INTRODUCTION
The Hubbard model defined on two-dimensional (2D) lattices with repulsive interactions constitutes a powerful tool to understand the physics of 2D materials. For instance, the 2D Hubbard model has been recently employed to describe experimental observations in graphene nanoribbons [1] , as well as to study the phase diagram of high-T c cuprate superconductors [2] . A general solution for the 2D Hubbard model remains unknown, although several approaches have proven to be accurate for specific cases, namely the auxiliary-field quantum Monte Carlo (AFQMC) method at half-filling [3] , the density matrix embedding theory (DMET) [4] in the noninteracting and atomic limits, and the density matrix renormalization group (DMRG) algorithm [5] if a sufficient number of retained renormalized basis states is considered [6] . The latter is probably the most efficient method to study onedimensional (1D) systems, however, the DMRG performance is less accurate in 2D due to its 1D topology [7] .
A recent benchmarking [8] shows the performance of wellestablished methods in quantum chemistry in the context of 2D fermionic systems. Many of these methods, such as the coupled cluster singles and doubles with perturbative triples (CCSD(T)), the gold-standard in quantum chemistry, dramatically fail at strong correlation regimes. In this context, variational methods based on reduced den-sity matrices (RDM) emerge as promising alternatives for studying strongly correlated materials [9] . The variational second-order RDM (v2RDM) method has demonstrated to accurately describe the 2D Hubbard model at half-filling [10] and away from half-filling [6] if threeindex constraints are imposed. Unfortunately, this implies a slow computational scaling of O M 9 , M being the dimension of the single-particle space.
Favorable computational efficiency can be achieved using one-particle theories such as density functional theory (DFT) or first-order RDM (1RDM) functional theory (1RDMFT) [11] . Despite recent efforts made [12, 13] to describe the strong electron correlation, DFT in its conventional local or semilocal approximations is still unable to provide a correct description of correlated insulators [14] . Conversely, 1RDMFT describes correctly metal insulator transitions [15] and strongly correlated electrons in 1D [16] [17] [18] [19] . The goal of this paper is to investigate the ability of 1RDMFT to deal with correlated electrons in 2D systems. Recently [20] , a formulation for the 1RDMFT on a lattice has been published, based on the exact solution of the two-site problem. We demonstrate that a more general and fundamental formulation of 1RDMFT is equally valid to deal with lattice models, without any loss of generality.
In most applications, the spectral decomposition of the 1RDM is used to express it in terms of the naturals or-bitals (NOs) and their occupation numbers (ONs). In this representation, the energy expression is referred to as natural orbital functional (NOF) [21, 22] . In this paper, we provide an extensive study of 2D systems using the Piris NOF 7 (PNOF7) [18, 23] which is reviewed in section II. In section III, we employ the 2D Hubbard model varying the relative contribution between the hopping (t) and electron-electron on-site interaction (U ) parameters, as well as the filling, for different system sizes that reach up to 12x12 square lattices. Here, our results are compared to state-of-the-art methods for the study of strong correlation, such as DMRG, v2RDM, AFQMC, and exact diagonalization (ED). The lack of long-range inter-electronic interactions may be the most important limitation of the Hubbard model. In fact, it has been recently [24] emphasized that the properties of hydrogen chains can strongly differ from those obtained by means of the 1D Hubbard model. Accordingly, in section IV we focus on 2D lattices of hydrogen atoms to model the strong electron correlation in the presence of long-range interaction effects. The symmetric dissociations of 2D hydrogen lattices are studied.
II. NATURAL ORBITAL FUNCTIONAL FOR MULTIPLETS
In order to obtain an approximate NOF, the electronic energy is usually given in terms of the NOs and their ONs as follows:
where H ii denotes the diagonal elements of the oneparticle part of the Hamiltonian involving the kinetic energy and the external potential operators, < kl|ij > are the matrix elements of the two-particle interaction, and D[n i , n j , n k , n l ] represents the reconstructed 2RDM from the ONs. Restriction of the ONs to the range 0 ≤ n i ≤ 1 represents a necessary and sufficient condition for ensemble N-representability of the 1RDM [25] under the normalization condition i n i = N. Recall that there is no approximation in the functional dependencies involving one-electron operators, so the latter are exactly described. Let us consider a non-relativistic Hamiltonian that does not contain spin coordinates, hence the ground state with total spin S is a multiplet, i.e., a mixed quantum state (ensemble) that allows all possible S z values. Next, we briefly describe how we do the reconstruction of D to achieve the PNOF7 for spin-multiplets. A more detailed description can be found in Ref. [26] . First, we consider N I single electrons and N II paired electrons, so that N I +N II = N. We also assume that all spins corresponding to N II electrons are coupled as a singlet, thence the N I electrons determine the spin S of the system. We focus on the mixed state of highest multiplicity: 2S + 1 = N I + 1, S = N I /2. For this ensemble of pure states {|SM }, the expected value ofŜ z is zero, namely,
Consequently, we can adopt the spin-restricted theory in which a single set of orbitals is used for α and β spins. All spatial orbitals will be then double occupied in the ensemble, so that occupancies for particles with α and β spins are equal: n α p = n β p = n p . In turn, we divide the orbital space Ω into two subspaces: Ω = Ω I ⊕ Ω II . Ω II is composed of N II /2 mutually disjoint subspaces Ω g . Each subspace Ω g ∈ Ω II contains one orbital g below the level N II /2, and N g orbitals above it. In this paper, N g is equal to a fixed number corresponding to the maximum value allowed by the basis set used in calculations. Taking into account the spin, the total occupancy for a given subspace Ω g is 2, which is reflected in additional sum rule, namely, p∈Ωg n p = 1, Ω g ∈ Ω II
(3)
It follows that 2 p∈ΩII n p = 2
Similarly, Ω I is composed of N I mutually disjoint subspaces Ω g , but in contrast to Ω II , each subspace Ω g ∈ Ω I contains only one orbital g with 2n g = 1. It is worth noting that each orbital is completely occupied individually, but we do not know whether the electron has α or β spin: n α g = n β g = n g = 1/2. It follows that 2 p∈ΩI n p = 2
so taking into account eq. (4), the trace of the 1RDM is verified equal to the number of electrons:
To guarantee the existence of an N-electron system compatible with the functional (1), we must observe the N-representability conditions [27] on the reconstructed 2RDM [28] . Assuming real spatial orbitals, the employment of necessary N-representability conditions leads to PNOF7 for multiplets with <Ŝ 2 > = N I /2 (N I /2 + 1):
where Φ p = n p (1 − n p ). J pq and K pq refer to the usual Coulomb and exchange integrals pq|pq and pq|qp , respectively. It should be noted that E g reduces to a NOF obtained from ground-state singlet wavefunction, so it describes accurately two-electron systems [29] . In the last term of eq. (7), E f g correlates the motion of electrons with parallel and opposite spins belonging to different subspaces (Ω f = Ω g ). The solution is established by optimizing the energy (7) with respect to the ONs and to the NOs, separately. The conjugate gradient method is used for performing the optimization of the energy with respect to auxiliary variables that enforce automatically the N-representability bounds of the 1RDM. The self-consistent procedure proposed in [30] yields the NOs by an iterative diagonalization procedure, in which orbitals are not constrained to remain fixed along the orbital optimization process. All calculations have been carried out by using the DoNOF code developed in our group.
III. TWO-DIMENSIONAL HUBBARD MODEL
The Hubbard model is the simplest prototype for modeling strongly correlated systems. Its Hamiltonian reads asĤ
is the creation (annihilation) operator, so the first term allows hopping between nearest neighboring sites r and r ′ . σ = α, β stands for the spin, andn r,σ =â † r,σâr,σ gives the number of electrons on site r with spin σ. Let us restrict to the 2D model, so each vector r has two components. In the noninteracting limit (U = 0), the Hartree-Fock 2RDM provides the exact solution for the tight-binding Hamiltonian, while for nonzero electron-electron on-site interactions (U = 0) a correlated approximation for the 2RDM must be given. Hereafter, U/t will be employed to quantify the bridge from the noninteracting limit (U/t → 0) to the atomic or strong correlation limit (U/t → ∞), also referred to as metal to insulator transition. In the following, we test the performance of PNOF7 against some of the benchmarks used in Refs. [2, 8] .
The results obtained by means of the v2RDM methods with two-index constraints (PQG), and T 1 and T 2 ′ Nrepresentability conditions (PQGT') are also included.
We study the Hubbard model on 2D square lattices for different sizes, filling situations (or densities), and spin multiplicities.
A. Half-filling
Let us set the number of electrons to be equal to the number of sites, therefore, we have a half-filled lattice. There is one electron per site, that is, half the maximum possible number (two per site). In Fig. 1 , we show the PNOF7, PQG, PGQT' and ED energies at half-filling for the 4x4 square lattice Hubbard model, for U/t ≤ 10. For this small system, Fig. 1 reveals that PNOF7 is in good agreement with the ED results and perform similar to PQGT'. The latter reproduces accurately ED results, but at the expense of an unfavorable scaling of O M 9 . The scaling can be reduced to O M 6 if only two-index constraints are applied, but this deteriorates the performance for large U/t as shown by PQG results. At half-filling, the Hubbard Hamiltonian has a particlehole symmetry and the AFQMC method turns out to be numerically exact [3] , so it can be used as benchmark in larger systems. In Table I , we show the absolute energies corresponding to the 8x8=64, 10x10=100, and 12x12=144 sites 2D Hubbard model at half-filling. It should be noted that the conclusions obtained in Ref. [18] for the 1D Hubbard model hold in two-dimensions: (1) results obtained by using PNOF7 are comparable to exact results for a wide range of U/t values, and (2) the performance of PNOF7 does not deteriorate with the increasing size of the system. According to Table  I , PNOF7 recovers approximately 98% of the total energy for U/t = 2, whereas for U/t = 8, wherein the ONs become more fractional, 96% of the total energy is retrieved. In Table II , we report the PNOF7 electron detachment energy (EDE) for the 10x10 square lattice by varying U/t. The EDEs are computed as the energy difference between doublet-and singlet-spin states (E S=1/2 −E S=0 ), so that an electron is removed to produce S = 1/2. We observe that EDEs are negative since in our model Hamiltonian (11) we do not consider an on-site attractive potential that represents the effects of an external field on the electrons. The EDE increases in absolute value as the on-site electron-electron repulsion increases for a given t, since total electron repulsion is reduced by removing an electron. Accordingly, the localization of the electrons that takes place at half-filling with large U/t values favors the removal of an electron.
B. Away from half-filling
In Eq. (7), the last term of PNOF7 correlates the motion of electrons belonging to different subspaces by introducing explicitly the particle-hole symmetry through Φ p = n p (1 − n p ). Consequently, PNOF7 is expected to be particularly accurate at half-filling since the Hubbard model exhibits particle-hole symmetry in this case. Let us now break the particle-hole symmetry of the system, so that inhomogeneous phases can appear in the ground state [8] , in order to test the performance of PNOF7 away from the half-filling. Breaking this symmetry strongly affects the nature of the system, since it deformates its Fermi surface and, therefore, the electronic interactions involved turn out to be less localized [7] . [6]. PNOF7 retains its accuracy for any filling as U/t increases, while v2RDM fails away from half-filling in the intermediate and strong correlation regimes. The maximum error (∆E ∼ 2.5%) shown by PNOF7 corresponds to U/t = 4, wherein the two points, N=14 and N=16, are on top of each other. Note that PNOF7 approaches the exact result for large U/t values.
In Fig. 3 , we show the PNOF7, PQGT', and DMRG energies obtained for the 6x6 square lattice Hubbard model at different correlation regimes and fillings, including N = 30, 34, and 36 electrons. DMRG and PQGT' values are taken from Ref. [6] . Although the largest deviations with respect to DMRG are obtained for the lowest density, corresponding to 30 electrons in 36 sites, the PNOF7 agreement with DMRG is below 1 a.u. for all U/t values reported.
It is worth noting that PNOF7 reaches the strong correlation limit of DMRG corresponding to large U/t values at low densities faster, as expected. In contrast, v2RDM cannot recover the large amount of correlation energy below half-filling, although it does correctly in 1D at low densities [31] [32] [33] . Such dependence on dimensionality does not appear with PNOF7. We must recall that the N-representability conditions are imposed in the construction of the functional [18, 23] , whereas in v2RDM methods these constraints are imposed in the minimization of the energy functional by means of semidefinite programming techniques. The latter may become numerically unstable if all the states are nearly degenerate [10] , something that is observed in strongly correlated systems. The advantages of imposing N-representability constraints on the construction of the functional rather than the minimization process have already been emphasized [34] for pure N-representability conditions of the 1RDM. In addition, we have not observed particular difficulties to converge PNOF7 away from half-filling, in contrast to many other numerical methods in which convergence errors arise due to the lack of particle-hole symmetry [8] . To obtain a more reliable indication of the energy, its derivative with respect to the U parameter was also studied, namely, According to Eq. (12), dE/dU yields the double occupancy of the sites. This magnitude is very sensitive to the NOF used in the Hubbard model as our previous study on 1D systems demonstrated [16] . Several functionals other than PNOF7 produced discontinuous curves for double occupancy of the sites. In this paper, the double occupancy has been numerically evaluated by using the formula
(13) where the step size h was set to 10 −3 . In Fig. 4 , we report the double occupancy of sites as a function of U/t for the 6x6 square lattice Hubbard model with 30 and 36 electrons. As expected, the double occupancy is maximum in the weak correlation region, since there are no two-particle interactions. The population of the sites spreads out as the correlation increases, so for large U/t values the double occupancy decreases due to the electron-electron on-site interaction. As we can see in Fig. 4 , PNOF7 produces smooth double occupancy without discontinuities for the 2D Hubbard model. Our method shows qualitatively good trend for increasing U/t regardless of the filling. In Table III , we report PNOF7 EDEs for the 6x6 square lattice with 30 and 36 electrons by varying U/t. Table III reveals that the EDE can take positive and negative values at low densities, in contrast to the half-filling (N = 36). In fact, at large correlation regimes, EDEs are negative, whereas it becomes positive in presence of weak correlation effects and low filling, as is the case for U/t ∼ 1 and N/N s = 30/36 = 0.833 (where N s rep-resents the number of sites). Note from Table III that the EDE increases in absolute value together with the amount of correlation, as it has been observed for the 10x10 lattice at half-filling (see Table II ).
IV. TWO-DIMENSIONAL HYDROGEN LATTICE
A hydrogen chain resembles the 1D Hubbard model with long-range interactions if we employ a minimal basis set [24] . These interactions may produce significant differences between both model systems. Recently [35] , we have proven the ability of PNOF7 to describe the symmetric and asymmetric dissociations of a 1D hydrogen chain with 50 atoms, wherein PNOF7 energies compared remarkably well with those obtained at the DMRG level of theory along the dissociation curves. The addition of a spatial dimension will increase the amount of interactions and makes the bond-breaking process more complex, so new and diverse strong correlations can emerge. This section is dedicated to the study of 2D hydrogen square lattices. In Fig. 5 , we show the energies obtained in the symmetric dissociation of the 4x4 hydrogen square lattice by using second-order Møller-Plesset perturbation theory (MP2), PNOF7, CCSD(T) and DMRG methods with the STO-6G basis set [36] . The streching of bonds was done symmetrically in two dimensions. CCSD(T) and MP2 calculations have been carried out by using the PSI4 electronic structure package [37] , while the interface to CHEMPS2 by S. Wouters et al. [38] has been employed for DMRG calculations. DMRG is employed as a reference for our calculations. In fact, despite the limitations of tensor network state algorithms beyond 1D, the latter are still very efficient to simulate short-range interactions dominated systems [7] , such as those encountered in the minimal basis approach.
As expected, the single-reference methods MP2 and CCSD(T) fail in multireference scenarios, where we observe large deviations of the ONs from 0 and 1. CCSD(T) breaks down at R H−H > 1.5 Å, and does not even converge for long bond lengths R H−H > 1.9 Å, as previously observed in 1D hydrogen chains [39] . For its part, MP2 provides reasonable energies slightly above CCSD(T) around the equilibrium distance, but yields too high energies over long distances, so it cannot describe the bond-breaking process either.
On the contrary, PNOF7 produces a qualitatively correct dissociation curve. PNOF7 performs similar to MP2 around the equilibrium region (see Refs. [23, 40] ), and it approaches reference DMRG results as the bond distance increases. It is worth noting the agreement at R H−H ≥ 1.5 Å, and specially at the dissociation limit. PNOF7 does not show convergence issues at any bond distance, so it can be easily employed to describe bondbreaking processes in presence of strong correlation effects, regardless of the dimensionality of the system. − E S=0 ) for the chain (1D) and square lattice (2D) composed of 16 hydrogen atoms with STO-6G basis set [36] . In Table IV , we report the EDEs along the dissociation curve of the 4x4 hydrogen square lattice obtained as the energy difference E S=1/2 − E S=0 . In contrast to the results obtained for the Hubbard model, the EDE is positive along the whole dissociation curve so can be interpreted as ionization energy. EDE takes larger values as non-dynamic correlation increases at large bond distances. These results leave us the following conclusions:
(1) long-range non-dynamic correlation effects are crucial for the study of different spin multiplicities and they must be carefully introduced in the Hubbard model by additional terms in the Hamiltonian, and (2) EDEs show the same trend regardless the dimensionality of the system, so EDEs for 1D or 2D system with 16 electrons are comparable as shown in Table IV .
V. CLOSING REMARKS
In the present paper, it has been proved that PNOF7 is an efficient method to describe strongly correlated electrons in two dimensions with a mean-field computational scaling. Two models were extensively investigated, namely the Hubbard model and the square lattice of hydrogens. We have studied the singlet ground-state, as well as the doublet mixed quantum state that is obtained by extracting an electron from the system. It was shown that the performance of the present RDM functional approximation is comparable to that of the state-of-the-art numerical methods such as AFQMC or DMRG for the Hubbard model defined on 2D square lattices. This agreement was confirmed for many filling situations and sizes up to 144 electrons, from weak to strong correlation. Unlike other RDM methods, PNOF7 showed no dependence on dimensionality, and we obtained the same accuracy in two dimensions as that achieved in one dimension. An outstanding feature is that the performance of PNOF7 does not deteriorate with the increasing size of the system. The reliability of our energies was verified by calculations of the double occupancy of sites that are known to be sensitive to the functional used in the Hubbard model. No difficulties were observed in converging PNOF7 away from half-filling. It was corroborated that the localization of the electrons that takes place at large U/t values favors the removal of an electron.
In the case of the hydrogen lattice, which resembles the 2D Hubbard model with long-range interactions, PNOF7 showed good convergence properties for any bond distance. The results obtained are close to the DMRG reference values throughout the symmetric dissociation curve and especially at the dissociation limit. It was observed that the calculated electron detachment energies (ionization energies) increase with the bond distance. It can be concluded that the hydrogen lattice model can be employed to describe bond-breaking processes in presence of strong correlation effects, regardless of the dimensionality of the system.
In view of the accurate results obtained in this 2D study, together with those previously obtained for strongly correlated electrons in 1D, we conclude that PNOF7 is a simple, cheap and efficient computational method for the study of electron correlation in 1D and 2D systems. In fact, the method is balanced for weak and strong correlations, small and large systems, one and two dimensions and different filling situations. The natural orbital functional theory is not only a promising method of quantum chemistry, but also an emerging method for the condensed matter physics.
